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Abstract: We analyze the map between a class of ‘fuzzball’ solutions in five dimensions

and four-dimensional multicentered solutions under the 4D-5D connection, and interpret

the resulting configurations in the framework of Denef and Moore [1]. In five dimensions,

we consider Kaluza-Klein monopole supertubes with circular profile which represent mi-

crostates of a small black ring. The resulting four-dimensional configurations are, in a

suitable duality frame, polar states consisting of stacks of D6 and anti-D6 branes with flux.

We argue that these four-dimensional configurations represent zero-entropy constituents of

a 2-centered configuration where one of the centers is a small black hole. We also discuss

how spectral flow transformations in five dimensions, leading to configurations with mo-

mentum, give rise to four-dimensional D6 anti-D6 polar configurations with different flux

distributions at the centers.
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1. Introduction and summary

Recent years have seen a significant progress in the understanding of the supergravity

description of BPS states of string theory, both in four and five noncompact dimensions.

In four dimensions, it has been established that BPS states of a given charge are often

realized as multicentered solutions in supergravity [2 – 4, 1, 5]. An important class of

multicentered configurations are the ‘polar’ states for which no single-centered solution

exists and which contribute to the polar part of the OSV partition function [6] regarded as

a generalized modular form. From the knowledge of their microscopic degeneracies, the full

partition function was reconstructed in [1], leading to a derivation of an OSV-type relation.

Another important type of configurations are the so-called ‘scaling’ solutions, which carry

the same charges as a (large) black hole and can be seen as a deconstruction of the black

hole into zero-entropy constituents [7].

On the five-dimensional side as well, the BPS objects are not restricted to single-

centered black holes. There also exist supersymmetric black rings and black hole-black
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ring composites [8 – 10], see [11] for review and a more complete list of references. There

are also Kaluza-Klein monopole supertube solutions which carry the charges of a black

hole or black ring and are smooth and horizonless [12 – 25]. These can be seen as gravity

duals to individual microstates in the CFT description of the black hole, leading to the

‘fuzzball’ picture proposed by Mathur and collaborators (see [26, 27] for reviews and further

references). In this proposal, the black hole horizon is an artefact of an averaging procedure

over an ensemble of such smooth solutions.

These zoos of four and five-dimensional BPS configurations are not unrelated, and it

is often possible to continuously interpolate between 4D and 5D configurations using the

‘4D-5D connection’ [28 – 33]. Five-dimensional configurations can often be embedded in

Taub-NUT space in a supersymmetric manner. The spatial geometry of Taub-NUT space

interpolates between R4 near the origin and R3 ×S1 at infinity. By varying the size of the

S1, one can then interpolate between effectively five and four-dimensional configurations.

Under this map, a point-like configuration at the center of Taub-NUT space becomes a 4D

pointlike solution with added Kaluza-Klein monopole charge. A ring-like configuration at

some distance from the center goes over into a two-centered solution where one center comes

from the wrapped ring and the other contains Kaluza-Klein monopole charge. Angular

momentum in 5D goes over into linear momentum along S1 in four dimensions.

The goal of the current work is to give an explicit mapping between supertube solu-

tions arising in the fuzzball picture in five dimensions and multi-centered solutions in four

dimensions under the 4D-5D connection, and to interpret the resulting configurations using

the tools developed in [1]. We will work in toroidally compactified type II string theory,

and consider a symmetric class of 2-charge supertubes which are described by a circular

profile [12 – 15], as well as 3-charge solutions obtained from those under spectral flow [16 –

19]. Placing such supertubes in Taub-NUT space gives the solutions that were constructed

in [20, 22]. Applying the 4D-5D connection, we will show that, in the standard type IIB

duality frame, one obtains 4D solutions which are two-centered Kaluza-Klein monopole-

antimonopole pairs carrying flux-induced D1 and D5-brane charge and momentum. These

solutions can be described within an STU-model truncation of N = 8 supergravity and

can be seen as simple examples of ‘bubbled’ solutions [34 – 42] (for a review, see ([43]). To

make contact with the techniques developed for analyzing multicentered configurations in

Calabi-Yau compactifications, we will transform these configurations to a type IIA dual-

ity frame where all charges and dipole moments carried arise from a D6-D4-D2-D0 brane

system. In this duality frame, the relevant configurations are two stacks of D6-branes and

anti-D6 branes with worldvolume fluxes turned on. Those configurations fall into the class

of ‘polar’ states in 4D for which no single centered solution exists.

Let us briefly summarize our results. We consider 5D supertube solutions carrying D1

charge N1, D5 charge N5 and momentum P and which are the gravity duals of a class of

symmetric states in the D1-D5 CFT with quantum numbers

L0 = N1N5

(

m2 +
m

n
+ 1/4

)

, L̄0 =
N1N5

4
, (1.1)

J3 = −N1N5

2

(

2m+
1

n

)

, J̄3 = −N1N5

2n
, P = L0 − L̄0 = N1N5m

(

m+
1

n

)

.
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q0 : D0 p0 : D6(T1 × T2 × T3)

q1 : D2(T1) p1 : D4(T2 × T3)

q2 : D2(T2) p2 : D4(T1 × T3)

q3 : D2(T3) p3 : D4(T1 × T2)

Table 1: Type IIA D-brane charges carried by our configurations. We have denoted the submani-

fold wrapped by the brane in brackets.

These represent Ramond sector states that are in a right-moving ground state and, on the

left-hand side, excited states in a twisted sector. The integer n labels the twist sector and

should be a divisor of N1N5. In a component string picture, n represents the length of

the component strings. These states can be seen as obtained from Ramond ground states

through a left-moving spectral flow transformation determined by the parameter m, which

should be an integer. They carry momentum only when m is nonzero.

After applying the 4D-5D connection to these configurations, we will interpret them

in a U-dual type IIA frame where all the charges arise from D6-D4-D2-D0 branes. Only

4 electric charges qI and magnetic charges pI are turned on in these solutions. They arise

from wrapping D-branes on the internal cycles given in table 1.

Under the 4D-5D connection, the 5D quantum numbers (1.1) map to the following 4D

charges
5D : N1 N5 J3 J̄3 P

4D : p2 p3 − q1
2 −Jz −q0

(1.2)

Writing charges as Γ = (pI , qI), the 4D BPS state corresponding to (1.1) carries the charge

Γtot =

(

0, 1, N1, N5,

(

2m+
1

n

)

N1N5, 0, 0,−m
(

m+
1

n

)

N1N5

)

. (1.3)

This is a polar charge for which there is no single-centered solution. It is realized as a two-

centered solution consisting of two stacks of D6 and anti-D6 branes with fluxes. Writing

the charge as an element of the even cohomology as we will explain in section 2, the charges

are

Γ1 = −ne−(m+ 1
n)ω1+mN1ω2+mN5ω3 ,

Γ2 = ne−mω1+(m+ 1
n )N1ω2+(m+ 1

n
)N5ω3 . (1.4)

The length of the component string n has become the number of D6 and anti-D6 branes

in the 4D picture, while the spectral flow parameter m has become a flux parameter.

The restrictions on these parameters from charge quantization match the quantization

conditions in the CFT description.

This paper is organized as follows. In section 2, we review the construction of multi-

centered solutions in the STU-model and construct the solutions with charges (1.4). We

explain why these are polar states and review the corresponding split attractor flow trees.

In section 3, we transform to a U-dual type IIB duality frame and discuss the lift of our

solutions to 10 dimensions. We show that the solutions represent supertubes embedded
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in Taub-NUT space, and discuss the 5D limit. In section 4, we discuss the microscopic

interpretation of our configurations from the 4D and 5D points of view. We end with some

prospects for future research in section 5. In appendix A, we discuss in detail the reduction

formulae in the type IIB duality frame.

2. A class of polar states in N = 8 supergravity

In this section we construct 2-center solutions in type IIA on a six-torus containing D6 and

anti-D6 branes with flux (1.4), and discuss the corresponding split attractor flow. These

solutions can be described in a truncation to an STU-model which we presently review.

2.1 STU-truncation of type IIA on T 6

We consider type IIA string theory compactified on a six-torus, which reduces in the low-

energy limit to N = 8 supergravity in four dimensions. In N = 2 language, the N = 8

gravity multiplet decomposes into the N = 2 gravity multiplet, 6 gravitini multiplets,

15 vector multiplets, and 10 hypermultiplets. For our purposes, it will be sufficient to

consider a consistent truncation to a sector where only gravity and 3 vector multiplets are

excited. This sector is described by the well-known STU model [44, 45] consisting of N = 2

supergravity coupled to 3 vector multiplets with symmetric prepotential

F = −DABC
XAXBXC

X0
= −X

1X2X3

X0
,

where DABC = 1
6 |ǫABC |. The bosonic part of the action is given by

S =
1

16πG4

∫

d4x
√
−G
[

R− 1

2

3
∑

A=1

∂µz
A∂µz̄A

(ImzA)2

+
β2

2
ImNIJFI

µνFJ µν +
β2

4
ReNIJǫ

µνρσFI
µνFJ

ρσ

]

. (2.1)

with zA = XA/X0 ≡ aA + ibA, A = 1, 2, 3, I = 0, 1, 2, 3 and ǫ0123 ≡ 1. We have left an

arbitrary normalization constant β in front of the kinetic terms of the U(1) fields for easy

comparison with different conventions used in the literature. The matrix N is given by

NIJ = F̄IJ + 2i
Im(FIK)XK Im(FJL)XL

Im(FMN )XMXN
. (2.2)

where FIJ = ∂
∂XI

∂
∂XJ F . The explicit form of N can be found in the appendix (A.10). In

our conventions, the scalars bA have to be positive in order to have the correct kinetic term

for the U(1) fields.

We will, for simplicity, choose the hypermultiplet moduli such that the six-torus is

metrically a product of three 2-tori T1 × T2 × T3
1. The 10-dimensional origin of the fields

1For later convenience, we also take T1 to be rectangular and denote its two circles by S4, S5.
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in (2.1) is the following. The vector multiplet scalars zA = XA/X0, A = 1, 2, 3 describe

complexified Kähler deformations of the tori TA:

B + iJ = zAωA , (2.3)

where ωA are normalized volume forms on TA satisfying
∫

TA
ωB = δAB . The constants DABC

entering in the prepotential are proportional to the intersection numbers: DABC = 1
6

∫

ωA∧
ωB ∧ ωC . The four U(1) field strengths FI = dAI , I = 0, . . . , 3 arise from dimensional

reduction of the RR sector. Charged BPS states can carry electric and magnetic charges

under the four U(1) fields. We will denote the magnetic charges by pI and the electric

charges by qI and write a general charge vector Γ either by a row vector or an element of

the even cohomology of T 6:

Γ = (p0, pA, qA, q0) = p0 + pAωA + qAω
A + q0ωvol , (2.4)

with ωA = 3DABCωB ∧ ωC and ωvol = ω1 ∧ ω2 ∧ ω3 and A = 1, . . . , 3. Taking into account

charge quantization, the components pI , qI should be integers or Γ ∈ Heven(T 6,Z). We

also define a symplectic inner product as

〈Γ, Γ̃〉 = −p0q̃0 + pAq̃A − qAp̃
A + q0p̃

0 . (2.5)

From a 10-dimensional point of view, the charged BPS states arise from D-branes

wrapping internal cycles. The D-brane interpretation of the charges is given in table 1.

Dimensionally reducing the D-brane Born-Infeld and Wess-Zumino action leads to point-

particle source terms to be added to the bulk action [46] (2.1):

Ssource =
β

G4

∫
[

−|Z(Q)|ds+
β

2
〈Q,A〉

]

. (2.6)

Here, Q is a vector whose components have the dimension of length defined as
∫

S2

FI = 4πQI
∫

S2

GI = 4πQI (2.7)

Where GI = ImNIJ ⋆FJ +ReNIJFJ and ⋆ denotes the Hodge dual. For later convenience,

as we will be taking the size of one of the internal directions to infinity, it will be useful to

work in conventions where we do not fix the coordinate volume of the internal cycles. The

components of Q are then given by2

QI =

√
8

β
T IV IG4p

I , QI =

√
8

β
TIVIG4qI . (2.8)

where T I , TI are the tensions of the branes in table 1 and the V I , VI are the coordinate

volumes of the cycles they are wrapping. The quantity Z(Q) in (2.6) is the central charge

Z = 〈Q,Ω〉 , (2.9)

2To find agreement with [4], one should take the coordinate volume of all cycles equal to one in units of

2π
√

α′. In that case, the relation between Q and Γ is Q =
√

G4

β
Γ. Furthermore, β = 1 in [4].
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and Ω is the normalized period vector defined as

Ω =
Ωhol√
8b1b2b3

, (2.10)

with Ωhol = −ezAωA . A stack of D-branes with worldvolume flux F turned on sources lower

D-brane charges according to

Γ = Tr eF . (2.11)

We will denote this particular embedding of the STU model in toroidally compactified

type II string theory as ‘duality frame A’ in what follows. Later, in section 3, we will also

consider an embedding of the STU model into a U-dual type IIB duality frame which we

will call ‘frame B’.

2.2 Multicentered BPS solutions

We will now review the construction of general multicentered BPS solutions in the STU

model considered above, along the lines of Bates and Denef [4]. Such solutions can be

constructed from the harmonic functions

HI = hI +
∑

s

QI

|~x− ~xs|
; HI = hI +

∑

s

QI
|~x− ~xs|

, (2.12)

where the index s runs over the centers and xs are the locations of the centers in R3.

The metric and gauge fields are then completely determined from the knowledge of a

single function Σ(H) on R3:

Σ(H) =

√

4x1x2x3 − L2

(H0)2
, (2.13)

with

xA = 3DABCH
BHC −HAH

0 ,

L = 2H1H2H3 +H0(H
0)2 −HAHAH

0 . (2.14)

If we replace the harmonic functions H in Σ(H) by the charge vector Γ, the result is

proportional to the Bekenstein-Hawking entropy S(Γ) of a black hole with charge vector

Γ: Σ(Γ) = S(Γ)/π.

The constants h in the harmonic functions are related to the asymptotic Kähler moduli

as follows

h = − 2

β
Im

Z̄holΩ

|Zhol|
∣

∣

∣

∞
, (2.15)

where Zhol is the holomorphic central charge

Zhol = 〈Γtot,Ωhol〉 . (2.16)
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Of the 8 components of h, only 6 are independent, corresponding to the asymptotic values

of the 6 moduli aA, bA. Indeed, from the expressions above it follows that the h satisfy

two constraints

Σ(h) =
1

β2
,

〈h,Qtot〉 = 0 . (2.17)

The metric of the multi-centered solution is given by

ds24 = − 1

β2Σ(H)
(dt + ω)2 + β2Σ(H)d~x2 , (2.18)

where ω is a 1-form on R3 that satisfies

⋆3dω = β2〈dH,H〉 = β2
(

−H0dH
0 +HAdH

A −HAdHA +H0dH0

)

, (2.19)

where the Hodge star ⋆3 is to be taken with respect to the flat metric on R3. The in-

tegrability condition for the existence of ω leads to constraints on the positions of the

centers:
∑

t

〈Qs, Qt〉
|xs − xt|

+ 〈Qs, h〉 = 0 . (2.20)

An important condition for the existence of the supergravity solution is that, when the

above conditions are imposed, the function Σ(H) should be real everywhere. Multicenter

solutions whose charges are non-parallel also carry angular momentum given by

~J =
1

2

∑

s<t

〈Γs,Γt〉
~xs − ~xt
|~xs − ~xt|

. (2.21)

In the special case of only 2 centers, the constraint on the distance a between the

centers simplifies to

a =
〈Q1, Q2〉
〈Q2, h〉

, (2.22)

while the angular momentum is

Jz =
1

2
〈Γ1,Γ2〉 , (2.23)

where we have chosen the z-axis to run in the direction from the second to the first center.

The solution for the scalar moduli reads

zA =

∂Σ(H)
∂HA

− iHA

∂Σ(H)
∂H0

+ iH0
. (2.24)

More explicitly, splitting za into real and imaginary parts zA = aA + ibA, A = 1, 2, 3 one

finds

aA = −H
A

H0
+

L

2xAH0

bA =
Σ

2xA
. (2.25)
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The gauge fields are given by

A0 =
1

β

∂ lnΣ(H)

∂H0
(dt+ ω) + A0

D ,

AA = − 1

β

∂ ln Σ(H)

∂HA
(dt + ω) + AA

D , (2.26)

where the Dirac parts AI
D have to satisfy

⋆3dAI
D = dHI . (2.27)

More explicitly, one finds

A0 = − 1

β

L

Σ2
(dt+ ω) + A0

D ,

AA =
1

β

6DABCxBxC −HAL

H0Σ2
(dt+ ω) + AA

D . (2.28)

These quantities can be worked out a little more explicitly as

Σ =

√

−4H0H1H2H3 − 4H0H1H2H3 + (HIHI)2 − 2
∑

I

(HI)2(HI)2 , (2.29)

aA =
H0H

0 +HAH
A −∑B 6=AHBH

B

6DABCHBHC − 2HAH0
,

bA =
Σ

6DABCHBHC − 2HAH0
, (2.30)

A0 =
1

βΣ2

(

H0
(

HIH
I − 2H0H

0
)

− 2DABCH
AHBHC

)

(dt + ω) + A0
D ,

AA = − 1

βΣ2

(

HA
(

HIH
I − 2HAHA

)

− 6DABCHBHCH
0
)

(dt + ω) + AA
D . (2.31)

We will also consider the effect of large gauge transformations of the B-field, under

which the B-field shifts with a harmonic form. Gauge invariance requires that this is

accompanied by a shift in the worldvolume flux, resulting in a transformation of the charge

vector:

B → B + S Γ → eSΓ . (2.32)

In the 4D effective theory, the above transformation is induced by a symplectic transfor-

mation

XA → XA + SAX0. (2.33)

Taking charge quantization into account, S should be restricted to be an element of the in-

teger cohomology. Large gauge transformations change the boundary conditions at infinity

and, in the dual conformal field theory, have the effect of inducing a spectral flow [47, 5, 48].

– 8 –
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2.3 Solutions for polar states

We will now describe a particular set of 2-centered solutions where the centers are stacks

of D6 and anti-D6 branes with worldvolume fluxes turned on. We will also show that for

these configurations no single-centered solutions with the same total charge exist. In the

language of [1], they correspond to polar states and are described by attractor flow trees

as we will review in paragraph 2.4.

We will consider here two classes of polar states: the first class carries no D0-brane

charge and has four net D4-D2 charges p1, p2, p3, q1. These are the configurations (1.4) with

m = 0. By performing a spectral flow transformation of the form (2.32) we will obtain

a second class of solutions (m 6= 0 in (1.4)) which carry the above four charges as well

as D0-brane charge q0. In section 3 we will show that these two classes of configurations,

after a U-duality transformation, give rise to smooth ‘fuzzball’ solutions placed in a Taub-

NUT background. The solutions without D0-charge will map to fuzzball solutions with

D1-charge and D5-charge in Taub-NUT space while the solutions carrying D0-charge will

map to fuzzball solutions with D1-D5 charge and momentum P in Taub-NUT.

2.3.1 Configurations without D0-charge

The first class of solutions we want to consider consists of a stack of n D6 branes and a

stack of n anti-D6 branes. Each stack of branes has U(n) = U(1)×SU(n) gauge fields living

on the worldvolume. We will turn on worldvolume fluxes lying in the U(1) part so that

each stack carries lower-dimensional D-brane charges as well. The fluxes we will turn on

are characterized by three numbers which, for later convenience, we will label NK , N1, N5.

The charges at the centers are

Γ1 = −n e−
NK

n
ω1 = (−n,NK , 0, 0, 0, 0, 0, 0) ,

Γ2 = n e
N1
n
ω2+

N5
n
ω3 =

(

n, 0, N1, N5,
N1N5

n
, 0, 0, 0

)

. (2.34)

In the quantum theory, charge quantization restricts n,NK , N1, N5 to be integers and n to

be a divisor of N1N5. These configurations carry 4 nonzero net charges p1, p2, p3, q1:

Γtot =

(

0, NK , N1, N5,
N1N5

n
, 0, 0, 0

)

. (2.35)

We will choose coordinates on R3 such that the first center Γ1 is located at the origin and

Γ2 lies on the positive z-axis at z = a. The harmonic functions are

H0 = h0 − Qn
r

+
Qn
r+

, H0 = h0 ,

H1 = h1 +
QK
r
, H1 = h1 +

Q1Q5

Qnr+
,

H2 = h2 +
Q1

r+
, H2 = h2 ,

H3 = h3 +
Q5

r+
, H3 = h3 . (2.36)

– 9 –



J
H
E
P
1
0
(
2
0
0
8
)
0
3
9

We have defined r+ to be the radial distance to the second center:

r+ ≡
√

r2 + a2 − 2ar cos θ . (2.37)

From now on, we will choose the normalization constant β in (2.1) to be

β =
1√
2
. (2.38)

Using (2.8), the normalizations in the harmonic functions are then given by

Qn =
1

2

√
α′gn QK =

(2π)2(α′)
3
2 g

2VT1

NK (2.39)

Q1 =
(2π)2(α′)

3
2 g

2VT2

N1 Q5 =
(2π)2(α′)

3
2 g

2VT3

N5

where g is the 10D string coupling constant.

We can simplify the form of the solution by picking convenient values for the asymptotic

moduli and correspondingly the constants h. We will choose six of the constants to be

h0 = −1; h1 = h2 = h3 = 1; h2 = h3 = 0 . (2.40)

The remaining constants h0, h1 are then fixed by the constraints (2.17) to be

h1 = −h0 =
Q1Q5

QnQK
. (2.41)

From (2.30) we see that this choice of harmonic constants corresponds to turning on asymp-

totic B-field on T1 but not on T2, T3.

The constraint (2.22) on the distance between the centers reads

a =
QKQ1Q5

Q2
n −Q1Q5

. (2.42)

The solution carries angular momentum given by (2.23):

Jz =
NKN1N5

2n
. (2.43)

One can then find the explicit expressions for the metric, scalar fields and U(1) fields

from (2.18), (2.30), (2.31). For configurations where H2 = H3 = 0, the expression (2.29)

for Σ simplifies to

Σ =
√

−4H0H1H2H3 − (H0H0 −H1H1)2 . (2.44)

For the solution to the equations (2.19) and (2.27) for ω and the Dirac parts AI
D one

finds, using (2.42) and choosing convenient integration constants,

ω =
QKQ1Q5

2aQn

(

r + a

r+
− 1

)

(cos θ − 1)dφ ,

A0
D = Qn

(

− cos θ +
r cos θ − a

r+

)

dφ ,
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A1
D = QK cos θdφ ,

A2
D = Q1

r cos θ − a

r+
dφ ,

A3
D = Q5

r cos θ − a

r+
dφ . (2.45)

2.3.2 Spectral flow and adding D0-charge

The second class of solutions we will be interested in is obtained from the ones considered

above by a spectral flow transformation of the form (2.32) Γ → eSΓ. We can choose S

such that the new configuration carries nonzero p1, p2, p3, q1 charges as well as D0-charge

q0, while keeping q2 and q3 zero. There is a one-parameter family of spectral flows S which

does the job and which we will label by a parameter m:

S = −mNKω1 +mN1ω2 +mN5ω3 . (2.46)

When taking charge quantization into account, the parameter m could be fractional but

such that m is a common multiple of 1/N1, 1/N5 and 1/NK . The charges carried by the

two centers are then the ones anticipated in (1.4) in the introduction:

Γ1 = −ne−(m+ 1
n )NKω1+mN1ω2+mN5ω3 ,

Γ2 = ne−mNKω1+(m+ 1
n)N1ω2+(m+ 1

n
)N5ω3 , (2.47)

and the total charge of the solution is

Γtot =

(

0, NK , N1, N5,

(

2m+
1

n

)

N1N5, 0, 0,−m
(

m+
1

n

)

NKN1N5

)

. (2.48)

The angular momentum of these configurations is independent of the parameter m and

still given by (2.43). For m = 0 we recover the configurations discussed in the previous

section.

The harmonic functions for this configuration are

H0 = h0 − Qn
r

+
Qn
r+

,

H0 = h0 +
(mn+ 1)(mn)2QKQ1Q5

Q2
nr

− (mn+ 1)2mnQKQ1Q5

Q2
nr+

,

H1 = h1 +
(mn+ 1)QK

r
− mnQK

r+
,

H1 = h1 −
(mn)2Q1Q5

Qnr
+

(mn+ 1)2Q1Q5

Qnr+
,

H2 = h2 − mnQ1

r
+

(mn+ 1)Q1

r+
,

H2 = h2 +
(mn+ 1)mnQKQ5

Qnr
− (mn+ 1)mnQKQ5

Qnr+
,

H3 = h3 − mnQ5

r
+

(mn+ 1)Q5

r+
,

H3 = h3 +
(mn+ 1)mnQKQ1

Qnr
− (mn+ 1)mnQKQ1

Qnr+
. (2.49)
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As before, we choose the asymptotic moduli such that h0 = −1, h1 = h2 = h3 = 1, h2 =

h3 = 0. The remaining constants are determined by (2.17) to be

h1 = −h0 =
(2mn + 1)Q1Q5Qn

(mn+ 1)mnQKQ1Q5 +QKQ2
n

. (2.50)

For the constraint (2.22) on the distance one finds a rather complicated expression

1

a
=

1

QKQ1Q5 ((mn+ 1)2(mn)2Q1Q5 +Q2
n)

× (2.51)

×
(

Q4
n −Q2

n (Q1Q5 + (mn+ 1)(2Q1Q5 −QK(Q1 +Q5)))

+(mn+ 1)2(mn)2Q1Q5(QKQ1 +QKQ5 +Q1Q5)
)

.

2.4 Polarity and flow trees

We will now describe how our configurations fit within the zoo of four-dimensional mul-

ticenter BPS solutions, using the tools that were developed in [1]. Some well-founded

conjectures put forth there will allow us to draw conclusions which are valid beyond the

leading supergravity approximation. We will now review some relevant points from [1] to

which we refer the reader for more details.

The configurations we are considering here correspond to four-dimensional ‘polar’

states. Mathematically, polar states can be seen as the constituents of the polar part

of the black hole partition function as a generalized modular form. The full partition func-

tion can be reconstructed from the knowledge of the degeneracies of the polar states, which

was at the core of deriving an OSV-type relation for D4-D2-D0 black holes in [1].

Physically, the fact that a configuration is polar means that no single-centered solutions

with these charges exist. For polar configurations, one can show that the attractor flow

equations that describe the radial evolution of the moduli fields always ‘crash’ at a regular3

point in moduli space beyond which they cannot be continued. This means that a single-

centered black hole solution cannot exist in the supergravity approximation. Furthermore,

by appropriately choosing the asymptotic moduli, one can show that, at the point where

the attractor flow crashes, all curvatures remain small, and hence this conclusion should

not be modified by higher-derivative corrections to supergravity [49].

As discussed in [1] the relevant quantity for establishing whether a total charge system

Γtot is polar is the ‘reduced’ D0 brane charge

q̂0 = q0 −
1

2
DABqAqB , (2.52)

where DAB = (6DABCp
C)−1. If q̂0 > 0, the states are polar and no single centered black

hole solutions carrying these charges exist. For our configurations without D0-charge (2.35)

one obtains

DAB =
1

2NKN1N5







−N2
K NKN1 NKN5

NKN1 −N2
1 N1N5

NKN5 N1N5 −N2
5






, (2.53)

3Regular meaning that the Kähler form on the internal space lies within the Kähler cone.
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and therefore

q̂0 =
NKN1N5

4n2
. (2.54)

This means that these states are polar if we choose positive fluxes on our branes. For n = 1,

when there is only one D6 and one anti-D6 brane, q̂0 reaches its maximal value for given

p1, p2, p3 charge. The quantity q̂0 is invariant under spectral flow transformations (2.32),

hence our charge configurations with D0 charge (2.48) are also polar with q̂0 still given

by (2.54).

Even if no single-centered solution exists, there can still be a BPS state carrying the

desired charges which is realized as a multicentered configuration4. A proposed criterion

to verify whether such a BPS state exists is whether there is an ‘attractor flow tree’ for

the given charge. This proposal is called the ‘split attractor flow conjecture’ and has been

argued to establish the existence of the BPS state beyond the supergravity approximation.

An attractor flow tree is a graph in moduli space which starts at the background value

of the moduli and follows the single center attractor flow until it hits a wall of marginal

stability where it becomes energetically possible for the total charge to split into two

constituents. There the flow splits in two parts corresponding to the single centered flows

of the constituents. This process is repeated until one ends up at the attractor points for

all the centers of the configuration.

We therefore now inspect the existence of flow trees for our charge configurations in

order to be able to infer the existence of the corresponding BPS state. We will show that

the single centered flow reaches a wall of marginal stability at a point zsplit in moduli space

before reaching the crash point z0, where the single centered flow ends. At the marginal

stability wall, the flow branches into two flows representing the D6 and anti D6 centers

which reach their attractor points without encountering any more marginal stability walls.

A schematic depiction of the split flow is given in figure 1.

A crucial simplification is that, doing the spectral flow transformation (2.32), we can

equivalently examine the flow tree for a charge eSΓ at a shifted B-value B + S. When,

by shifting the asymptotic value of the B-field, one does not cross any walls of marginal

stability, we can simply fix the asymptotic B-field to a convenient value and choose a

charge vector eSΓ such that the analysis becomes simple. This will be possible for our

configurations, provided that we choose the background Kähler moduli large enough. The

reason for this is that walls of marginal stability between two charges can only run all the

way to infinity for a ‘core-halo pair’ of D-branes (Halos can only carry D2-D0 brane charge,

any other charge configuration will automatically be a core, see [1] for definitions and a

more in-depth treatment of these concepts). Here, we are luckily always dealing with core

constituents. From now on, we will take the asymptotic B-field to be zero and choose an

appropriate charge vector eSΓ.

We can pick a charge representative by giving some convenient value to the spectral

flow parameter m in our general charge configuration (2.48). We will take it to have the

4Note that constituents need not be ‘regular’ black hole solutions, but can also be realized as ‘empty’

holes where the center has zero entropy.
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zsplit

z0

Figure 1: Schematic drawing of the split flow tree for our representative charge system. The flow

coming in from the top (red line) reaches the wall of marginal stability (green line) at the splitpoint

zsplit (green) before it would reach the crash point z0 (black). One also sees the single flows for

each center starting from the split point until they reach the boundary of moduli space (blue).

value5 m = − 1
2n . This leads us to the total charge

Γtot =

(

0, NK , N1, N5, 0, 0, 0,
NKN1N5

4n2

)

. (2.55)

This obviously is a pure D4-D0 system. As discussed above, we choose our background

modulus to have purely imaginary and very large values, z∞ = (iy1
∞, iy

2
∞, iy

3
∞). The single

centered flow runs along the imaginary z-axes until the crash point is reached where the

holomorphic central charge (2.16) vanishes. This happens at the point

z0 = i

√

2q̂0
6NKN1N5

(NK , N1, N5) = i
1√

12n2
(NK , N1, N5) . (2.56)

Next one can check whether the flow hits a wall of marginal stability. This is per

definition the locus where the phases of the central charges of the two centers align. The

charges at the centers read

Γ1 =

(

−n, NK

2
,
N1

2
,
N5

2
,−N1N5

4n
,−NKN5

4n
,−NKN1

4n
,
NKN1N5

8n2

)

,

Γ2 =

(

n,
NK

2
,
N1

2
,
N5

2
,
N1N5

4n
,
NKN5

4n
,
NKN1

4n
,
NKN1N5

8n2

)

. (2.57)

One easily sees that the real parts of the central charges are equal, whereas the imaginary

parts have opposite signs. Thus, the wall will be hit when Im(Z1) = Im(Z2) = 0. One finds

zsplit = i

√

3

4n2
(NK , N1, N5) . (2.58)

5As the flow tree analysis takes place within supergravity, we can ignore charge quantization restrictions

for the moment.

– 14 –



J
H
E
P
1
0
(
2
0
0
8
)
0
3
9

As
√

3
4n2 >

√

1
12n2 this means that the wall of marginal stability is always reached before

the single flow crashes. The single centered flows for the fluxed D6 brane centers terminate

at the boundary of moduli space in the supergravity approximation. Nevertheless they

correspond to states in the BPS spectrum of string theory and higher derivative corrections

are expected to yield regular attractor points.

A further simple check also shows that the necessary stability criterion [50, 1] 〈Γ1,Γ2〉 ·
(arg(Z1) − arg(Z2)) > 0 is met. This shows that one indeed reaches the wall from the

side where the single brane is stable and crosses to the side where the brane decays into

a bound state. The condition can be interpreted as ensuring that tachyonic strings would

be present between the two constituent branes on the ‘stable’ side, in this case above the

wall, such that a bound state is formed after tachyon condensation.

3. U-duality and fuzzballs in Taub-NUT

In this section, we would like to make contact between the polar solutions constructed

above and various horizonless supertube solutions in five noncompact dimensions that are

central to the fuzzball proposal advocated by Mathur and collaborators. As a first step, we

will make a duality transformation to a type IIB frame such that the charges and dipole

moments carried by our solutions are the same as the ones carried by the supertubes.

Let us briefly review these configurations. Fuzzball solutions in five noncompact di-

mensions can be seen as Kaluza-Klein (KK) monopole6 supertubes where the KK monopole

charge is sourced along a contractible curve in 4 noncompact directions. One of the com-

pact directions, which will become S4 in our conventions (recall that we had denoted

T1 = S4 × S5), is a Taub-NUT circle which pinches off at every point of the curve. By

adding flux to the KK-monopole, one can source the charge of D1 and D5-branes wrapped

around the S4 circle. For a circular curve, one can place this configuration in a Taub-NUT

space with a different Taub-NUT circle, S5 in our conventions, and interpolate between

five and four dimensions by varying the size of S5. We will show that the four-dimensional

configurations obtained in this manner are U-dual to the D6-anti D6 polar solutions we

discussed above.

3.1 U-duality to a type IIB frame

Let us first describe a U-duality transformation to a type IIB frame such that STU-model

solutions lift to configurations carrying the charges described above. We will go to a

duality frame where p0 becomes a Kaluza-Klein monopole charge with Taub-NUT circle

S4, p1 becomes a Kaluza-Klein monopole charge with Taub-NUT circle S5, p2 becomes the

charge of a D1-brane wrapped on S4 and p3 becomes the charge of a D5-brane wrapped

on S4 × T2 × T3. This is accomplished by making a U-duality transformation consisting of

a T-duality along S4, followed by S-duality and 4 T-dualities along T1 × T3, as illustrated

in table 2.

6Recall that a Kaluza-Klein monopole in 10D is a 5+1-dimensional object whose transverse 4-dimensional

space has Taub-NUT geometry or, in the case of several centers, a Gibbons-Hawking space.
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IIA (frame A) IIB IIB IIB (frame B)

D6 (T 6) D5 NS5 KK5 (S5 × T2 × T3)

D4 (T2 × T3) T (S4) D5 S NS5 T (S4, S5, T3) KK5 (S4 × T2 × T3)

D4 (T1 × T3) −→ D3 −→ D3 −→ D1 (S4)

D4 (T1 × T2) D3 D3 D5 (S4 × T2 × T3)

Table 2: U-duality transformation from frame A to frame B

q0 P (S4) p0 KK5 (S5 × T2 × T3)

q1 P (S5) p1 KK5 (S4 × T2 × T3)

q2 D5 (S5 × T2 × T3) p2 D1 (S4)

q3 D1 (S5) p3 D5 (S4 × T2 × T3)

Table 3: 10D origin of the charges in frame B

This new duality frame will be denoted ‘frame B’. In this frame, the vector multiplet

scalars z1, z2, z3 represent the complex structure modulus of T1, the 4D axion-dilaton and

the (complexified) Kähler modulus of T1 respectively. The U(1) fields A0 and A1 are

Kaluza-Klein gauge fields from the metric components gµ4 and gµ5 respectively, while A2

and A3 arise from the RR two form components Cµ4 and Cµ5. The 10-dimensional origin

of the full set of charges in this frame is given in table 3.

In frame B, our first class of polar solutions with charges (2.34) corresponds to two

stacks of n KK monopoles and anti-KK monopoles with Taub-NUT circle S4 carrying

flux-induced charges of D1, D5, momentum and KK monopoles wrapped on the S4 circle.

The more general solutions (2.47) obtained by spectral flow carry momentum along S4 as

well. Such solutions will be smooth, and, as we will show, have the interpretation of KK

monopole supertubes embedded in Taub-NUT space.

3.2 Lifting general multicenter solutions

In order to see what our solutions look like in frame B from the 10-dimensional point

of view, we need to know the reduction formulas of type IIB on a six-torus to the four-

dimensional STU-model action (2.1) such that the 4D charges have the interpretation given

in table 3. This is worked out in detail in appendix A.

The metric of a general 4D multicentered solution lifts to a 10D geometry where the

T1 torus is nontrivially fibered over the 4D base:

ds210 =
1√
b2b3

ds24 +
√
b2b3Mmn(dx

m + Am−4)(dxn + An−4) +

√

b2

b3
ds2T2×T3

,

ds24 = − 2

Σ
(dt+ ω)2 +

Σ

2
d~x2 ,

Mmn =
1

b1

(

(a1)2 + (b1)2 −a1

−a1 1

)

, m, n = 4, 5 . (3.1)
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The dilaton and RR two-form are given by

e2Φ
(10)

=
b2

b3
,

C(10) =
1

2
Cµνdx

µdxν + a3(dx4 −A0) ∧ (dx5 −A1)

−dx4 ∧ B2 − dx5 ∧ A3 +
1

2
(A0 ∧ B2 + A1 ∧ A3) ,

da2 = −(b2)2 ⋆ F ,

F = dC +
1

4
(A0 ∧ G2 + B2 ∧ F0 + A1 ∧ F3 + A3 ∧ F1) . (3.2)

where the Hodge ⋆ is to be taken with respect to the 4D metric ds24.

It will be useful to rewrite the metric in the form of a lifted solution of 6D supergravity

as in [51, 9, 48], where the 6D part of the metric is written as a fibration over a 4D Gibbons-

Hawking base space. If both p0 and p1 are nonzero, both the S4 and S5 are nontrivially

fibered, and we can choose either circle to be the fibre in the Gibbons-Hawking geometry.

Here, we will choose the S5 to be this fibre, so that the Gibbons-Hawking base space is

spanned by the coordinates (r, θ, φ, x5). The metric can be rewritten in the form

ds2 = − 1

HF
(dt + k)2 +

F

H

(

dx4 − s− 1

F
(dt + k)

)2

+Hds2GH +

√

x2

x3
ds2T2×T3

,

ds2GH =
1

H1
(dx5 + A1

D)2 +H1dx2 . (3.3)

where we have defined

F =

(

H2H3

H1
−H0

)

,

H =

√
x2x3

H1
,

k = ω +
LH1 − 2x2x3

2H0(H1)2
(dx5 + A1

D)

= ω +
1

2H1

(

HIH
I − 2H1H

1 − 2H0H2H3

H1

)

(dx5 + A1
D) ,

s = −A0
D +

H0

H1
(dx5 + A1

D) . (3.4)

We will now use these expressions to find the lift of our four-dimensional polar configura-

tions.

3.3 Lift of polar states without D0 charge

We will first discuss the lift of our configurations (2.34) that do not contain D0 charge

in frame A. In frame B these correspond, according to table 3, to two stacks of n KK

monopoles and anti-KK monopoles with Taub-NUT circle S4 which carry flux-induced D1,

D5 and KK monopole charges wrapped on the S4 circle. We will now show that, from

a 10D point of view, these charges precisely correspond to the Kaluza-Klein monopole

supertubes in Taub-NUT space that were constructed by Bena and Kraus in [20].
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The harmonic functions of the solution are given by (2.36), (2.40), (2.41), where the

normalizations in the current duality frame should be taken to be, according to (2.8),

Qn =
nR4

2
, QK =

NKR5

2
, (3.5)

Q1 =
(2π)4gα′3

2R5VT2×T3

N, . Q5 =
gα′

2R5
N5 .

The constraint on the distance between the centers (2.42) can also be written as

Qn =

√

Q1Q5H̃1 , (3.6)

with H̃1 = 1 + QK

a .

We find the lift of this class of solutions to 10 dimensions in duality frame B by plugging

these expressions into (3.3). Making a coordinate transformation x4 → x4 + t, the metric

becomes

ds2 =
1√

H2H3

[

−(dt + k)2 + (dx4 − s− k)2
]

+
√
H2H3ds2TN +

√

H2

H3
ds2T2×T3

,

ds2TN =
1

H1
(R5dψ +QK cos θdφ)2 +H1dx2 . (3.7)

where we have defined the angle ψ as x5 = R5ψ. From the ten-dimensional point of view,

the constraint (3.6) on the distance between the centers arises from requiring smoothness

of the metric [20], while the condition that Σ is real implies the absence of closed timelike

curves [39].

The one-forms k and s have components along φ and ψ and, using the distance con-

straint (3.6), can be written as

kψ =
R5QnQK

2arr+H̃1H1

[

r+ − r − a− 2ar

QK

]

, kφ =
QnQK

2ar+H̃1

[

r+ − r − a+
r − a− r+

H1
cos θ

]

,

sψ =
R5Qn
rr+H1

[

r − r+ − rr+

QKH̃1

]

, sφ =
Qn
r+

[

a+
r+ − r − r+

H̃1

H1
cos θ

]

. (3.8)

Using (3.2) one can show that the dilaton and RR three-form take the form

e2Φ =
H2

H3
,

F (3) = d

[

1

H2
(dt + k) ∧ (dx4 − s− k)

]

− ⋆4d(H
3) , (3.9)

where the Hodge star ⋆4 is to be taken with respect to the Taub-NUT metric ds2TN .

As we have argued, the above solutions represent the lift of a two-centered KK-

monopole anti-monopole system in frame B (or a D6 anti-D6 system in frame A), where

the Taub-NUT circle for these KK monopoles is the S4. The KK monopoles sit at a radial

distance r+ while the anti-monopoles sit at the origin. At the position of these centers, the

S4 circle should pinch off. This is not so obvious in the 10D form of the metric (3.7), so let
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S4 S4 S5

Figure 2: Left: The black circle represents a KK monopole supertube with a circular profile

of radius a in 5 dimensions. At every point of the curve, the internal circle S4 (drawn in red)

pinches off to zero size. Right: After placing another KK monopole wrapped on S4 in the origin,

the asymptotic geometry becomes R4 × S5. As argued in the text, the S4 circle pinches off along

the curve as well as in the origin.

us illustrate this point in more detail here. The coefficient in front of the (dx4)2 term in the

metric (3.7) is 1/
√
H2H3. This factor goes to zero at r = r+ but stays finite at r = 0, so it

is not obvious that there is a KK anti-monopole source at the origin. Nevertheless, there

should be such a source since the total KK monopole charge has to balance out, and it

should be located at the origin because of symmetry reasons. The resolution to this puzzle

lies in the fact that the six-dimensional metric still contains a factor of the six-dimensional

dilaton eΦ(6)
. This factor is given by eΦ(6)

= 1
b2b3

, and hence the factor that measures the

size of the S4 is b2b3/
√
H2H3. One can easily check that this factor indeed goes to zero

both in r = 0 and r = r+. This is illustrated in figure 2.

These are precisely the solutions constructed by Bena and Kraus [20]7. They represent

Kaluza-Klein monopole supertubes which have been embedded into a Taub-NUT space

which has the asymptotic spatial geometry R3 × S5. By varying the radius R5 of the

circle S5 we can interpolate between solutions in 4 and in 5 noncompact dimensions; this

procedure goes under the name of the ‘4D-5D connection’ [28, 29]. The 5D solutions one

obtains in this way are highly symmetric fuzzball solutions where the curve that defines

the supertube is circular.

3.4 4D-5D connection and 5D fuzzball geometries

Let us illustrate this in more detail. We take the R5 → ∞ limit keeping the following

quantities fixed:

2rR5 ≡ r̃2 , 2aR5 ≡ ã2/n2 . (3.10)

7To make contact with the conventions in [20], one has to make a further coordinate transformation

φ → −φ, θ → π − θ.
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After taking this limit, the p1 charge NK of our configuration becomes a deficit angle and

one obtains a configuration embedded in an orbifold space R4/ZNK
. We will therefore

specialize to the case NK = 1 from now on, so that we obtain solutions in asymptotically

flat space. We define charges Q̃1, Q̃5 which remain finite in the limit (3.10) and are the

correctly normalized D1 and D5-brane charges in 5 noncompact dimensions:

Q̃1 = 2R5Q1 =
g(2π)4α′3N1

VT2×T3

,

Q̃5 = 2R5Q1 = gα′N5 . (3.11)

The constraint (2.42) on the distance between the centers then reduces to

R4 =

√

Q̃1Q̃5

ã
. (3.12)

The solution (3.8), (3.9) can, in this limit, be written as a fuzzball solution with a circular

profile function [12 – 15]:

ds2 =
1√

H2H3

[

−(dt+ k)2 + (dx4 − s− k)2
]

+
√
H2H3dx2 +

√

H2

H3
ds2T2×T3

,

e2Φ =
H2

H3
,

F (3) = d

[

1

H2
(dt + k) ∧ (dx4 − s− k)

]

− ⋆4d(H
3) , (3.13)

where the harmonic functions are given by

H2 = 1 +
Q̃5

L

∫ L

0

dv

|x− F|2 ,

H3 = 1 +
Q̃5

L

∫ L

0

|Ḟ|2dv
|x− F|2 , (3.14)

and the one-foms k, s take the form

s =
Q̃5

L

∫ L

0

dvF a

|x −F|2 dx
a ,

d(s + k) = − ⋆4 ds . (3.15)

Here, x represents Cartesian coordinates on R4 which, in terms of the coordinates r̃, θ, φ, ψ

introduced earlier, are given by

x1 = r̃ cos
θ

2
cos

(

ψ +
φ

2

)

, x3 = r̃ sin
θ

2
cos

(

ψ − φ

2

)

,

x2 = r̃ cos
θ

2
sin

(

ψ +
φ

2

)

, x3 = r̃ sin
θ

2
sin

(

ψ − φ

2

)

. (3.16)

The profile function F(v) describes a circular profile in the x1 − x2 plane:

F 1 =
ã

n
cos

2πn

L
v, F 3 = 0 ,

F 2 =
ã

n
sin

2πn

L
v, F 4 = 0 .
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where L ≡ 2πQ̃5

R4
. The averaged length of the tangent vector to the profile should be

proportional to the D1-brane charge:

Q1 =
Q5

L

∫ L

0
|Ḟ|2dv . (3.17)

As a consistency check, one can easily see that this is the case using the constraint (3.12).

Let us also discuss how the 5D angular momenta are related to quantum numbers in

4D. Solutions in five noncompact dimensions can have 2 independent angular momenta J12

in the x1 − x2-plane and J34 in the x3 − x4-plane. These are related to the R-symmetry

generators J3 and J̄3 in the dual CFT as J12 = −(J3 + J̄3), J12 = −(J3 − J̄3). From the

parametrization (3.16) we see that J3 comes from a linear momentum in four dimensions

while J̄3 is proportional to the four-dimensional angular momentum Jz. This leads to the

dictionary between the charges that was anticipated in 1.2. More specifically, the solutions

above have J12 = N1N5
n , J34 = 0, so that

J3 = J̄3 = −N1N5

2n
. (3.18)

3.5 Spectral flow and fuzzball solutions with momentum

In paragraph 2.3.2, we considered solutions that were obtained by a spectral flow transfor-

mation labeled by a parameter m that had the effect of adding D0-charge (2.48). In the

dual frame B, these will carry nonzero momentum charge P on the S4 circle. The harmonic

functions and constraint on the distance were given in (2.49), (2.51). When we take the

special case Q1 = Q5, substituting in (3.3) gives a solution with constant dilaton which can

be embedded in minimal 6-dimensional supergravity [51]. This solution precisely matches

the solutions constructed in [22] representing fuzzball geometries with momentum placed

in a Taub-NUT space.

We can again take the 5D limit R5 → ∞ as discussed above. Taking again NK = 1 to

get solutions in flat space, one obtains the five-dimensional fuzzball solutions with momen-

tum that were constructed in [16 – 19]. These solutions were originally obtained by applying

a spectral flow transformation to the five-dimensional solutions without momentum (3.15).

They carry the following 5D charges

J3 = −N1N5

2

(

2m+
1

n

)

, J̄3 = −N1N5

2n
,

P = N1N5m

(

m+
1

n

)

, (3.19)

where P denotes the momentum on the S4 circle. The flux quantization discussed in

paragraph 2.3.2 imposes that the parameter m should be an integer.

4. Microscopic interpretation

We will now discuss the microscopic interpretation of the solutions we considered both

from the 4D and 5D point of view. Let us start with the configurations (2.34) without
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D0-charge in frame A. We showed that these arise, through the 4D-5D connection, from

5D fuzzball solutions with circular profile which carry macroscopic angular momentum

J12 = N1N5/n and are placed in a Taub-NUT geometry. A first question is whether we

should regard these solutions as zero-entropy constituents of a spinning black hole or of

a black ring in five dimensions. In the present context, the latter is the only possibility,

since a black hole of the desired charge (if it exists as a BPS solution in type II on a torus)

cannot be placed in Taub-NUT space in a supersymmetric manner and therefore the 4D-

5D connection cannot be applied to it. Indeed, if it could, the resulting 4D configuration

would be a small black hole with charges (0, NK , N1, N5, N1N5/n, 0, 0, 0). This is however a

polar charge for which there cannot exist a single center black hole solution, even including

higher derivative corrections. Hence we should see our 4D solutions as coming from small

black ring microstates in five dimensions. This interpretation also corresponds to the one

argued in [14, 52 – 54]. We want to point out that the above argument does not rule out

the existence of a 5D supersymmetric spinless (J12 = J34 = 0) small black hole placed at

the center of Taub-NUT space. Indeed, the resulting 4D configuration would have pure

D4-charge (0, NK , N1, N5, 0, 0, 0, 0), which is not a polar charge (q̂0 = 0), and therefore

could give rise to a single-centered small black hole when higher derivative corrections are

taken into account.

Let us review which states in the dual CFT correspond to the configurations (2.34) from

the 5D point of view. The D1-D5 CFT is a deformation of a symmetric product CFT with

target space (T2 × T3)
N1N5/SN1N5 (see [55] for a review). For our purposes, we can consider

the theory at the orbifold point. The states we are considering are closely related to chiral

primary operators denoted by σ−−
n with quantum numbers L0 = J3 = L̄0 = J̄3 = n−1

2 . We

can construct operators U(α) which generate a left-moving spectral flow with an integer

parameter α:

U(α)L0 U(α)−1 = L0 − αJ3 + α2 c

24

U(α)J3
U(α)−1 = J3 − α

c

12
(4.1)

where the central charge is c = 6N1N5. Similar generators of right-moving spectral flow

with parameter α̃ will be denoted by Ũ(α̃). The CFT states corresponding to (2.34) are

ground states in the R sector given by

U(1)Ũ(1)(σ−−
n )

N1N5
n |0〉. (4.2)

They carry the quantum numbers

L0 =
N1N5

4
, L̄0 =

N1N5

4
,

J3 = −N1N5

2n
, J̄3 = −N1N5

2n
, (4.3)

P = L0 − L̄0 = 0 . (4.4)
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The above states belong to a ‘microcanonical’ ensemble of R ground states at fixed D1-

charge N1, D5-charge N5, and angular momenta8 J12 = N1N5/n, J34 = 0. When n ≫ 1,

J12 is sufficiently far from the maximal value N1N5, and there is an exponential degeneracy

of states carrying these quantum numbers, leading to a microscopic entropy [54]

Smicro = 2
√

2π
√

N1N5 − J = 2
√

2π

√

N1N5

(

1 − 1

n

)

. (4.5)

It is expected on the basis of general arguments [56] that, after including higher deriva-

tive corrections to the effective action, there exists a black ring solution with a matching

macroscopic entropy. It is an open problem to explicitly compute such corrections in

toroidal compactifications, unlike the case where the four-torus T2 × T3 is replaced with

K3 [52, 53, 57].

When a small black ring is placed in Taub-NUT space with one unit of NUT charge and

the radius of the Taub-NUT circle is decreased, one obtains a 4D configuration consisting of

two centers. One center, coming from the wrapped ring itself, becomes a small black hole in

4D, while the other center, coming from the Taub-NUT charge, is a KK monopole carrying

zero entropy [52, 53]. In our duality frame A, the first center is a small D4−D2 black hole

with charge (0, 0, N1, N5, N1N5/n, 0, 0, 0) and entropy given by (4.5) and the second center

is a pure D4-brane with charge (0, 1, 0, 0, 0, 0, 0, 0). Because these charges are not parallel,

the combined system carries macroscopic angular momentum Jz = −N1N5/n. Therefore

we can see our 4D polar D6-anti D6 configurations (2.34) as zero-entropy constituents of

this two-centered configuration.

A similar discussion can be made for the solutions (2.47) carrying D0-charge in frame

A. Their CFT counterparts are related to (4.2) by an additional left-moving spectral flow

with parameter 2m:

U(2m+ 1)Ũ(1)(σ−−
n )

N1N5
n |0〉. (4.6)

They carry the quantum numbers that were anticipated in (1.1):

L0 = N1N5

(

m2 +
m

n
+ 1/4

)

, L̄0 =
N1N5

4
,

J3 = −N1N5

2

(

2m+
1

n

)

, J̄3 = −N1N5

2n
,

P = L0 − L̄0 = N1N5m

(

m+
1

n

)

. (4.7)

In the CFT, the parameters n and m should be quantized such that n is a divisor of N1N5

and m is an integer. This matches with the conditions we found from charge quantization

in the corresponding D-brane configurations. These states are part of an ensemble of CFT

states with fixed D1-D5 charges, angular momenta J3, J̄3 and momentum P . This ensemble

is obtained by the ensemble of zero momentum ground states discussed above by acting

with the spectral flow operator U(2m). The degeneracy is then again given by (4.5).

8A different ensemble, where the angular momenta are not fixed, was advocated in the light of the OSV

conjecture in [53]
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5. Discussion

In this paper we have identified four-dimensional multicenter D-brane configurations that

correspond to a class of fuzzball solutions in five noncompact dimensions under the 4D-5D

connection. In a type IIA duality frame where all the charges come from D6-D4-D2-D0

branes, the relevant 4D configurations are two-centered D6-anti D6 solutions with fluxes

corresponding to polar states .

The fuzzball solutions considered here were highly symmetric, where the profile func-

tion that defines the solution is taken to be a circular curve in the x1 − x2 plane in the

coordinates (3.16). Let us first comment on the fate of more general fuzzball solutions

under the 4D-5D connection. A fuzzball solution arising from a generic curve will typically

not have enough symmetry to be written as a torus fibration over a four-dimensional base

as in (3.2) and can hence not be given a four-dimensional interpretation. However, accord-

ing to the proposed dictionary between microstates and fuzzball solutions in [58, 59], the

subclass of fuzzball solutions that semiclassically represent eigenstates of the R-symmetry

group should possess U(1)×U(1) symmetry and be represented by (possibly disconnected)

circular curves in the x1 − x2 and x3 − x4 planes in the coordinates (3.2). Such solu-

tions have isometries along the directions ∂/∂φ and ∂/∂ψ as well as along the Taub-Nut

direction ∂/∂x4, and should therefore be the lift of axially symmetric solutions in four

dimensions. When the quantum numbers are chosen appropriately, these would describe

other constituents of the 4-dimensional 2-centered system with entropy (4.5). It would be

interesting to explore this ensemble of four-dimensional configurations.

We would also like to comment on the relation between the present work and black

hole deconstruction [7]. In four dimensions, say in our frame A, there exist multicentered

‘scaling’ solutions with centers so close that their throats have ‘melted’ together and which

are asymptotically indistinguishable from single centered solutions. Such solutions can

carry the same charges as a large single-centered D4-D0 black hole, and can be seen as a

deconstruction of such a black hole into zero-entropy constitutents. The scaling solutions

consist of a ‘core’ D6 anti-D6 system with flux, and a ‘halo’of D0-brane centers added to

it (again, see [1] for more details on the formalism of ‘cores’ and ‘halos’). The scaling limit

consists of taking the total D0-charge to be parametrically larger than the magnetic charge

p1p2p3. The entropy of the black hole in this limit can be understood by treating the D0-

branes as probes and counting the supersymmetric ground states of the probe quantum

mechanics [60]. The ‘core’ D6 anti-D6 system in these configurations is precisely of the

kind that we studied in this paper and mapped to 5D fuzzball solutions. Indeed, for the

special values n = 1, m = −1/2 of our parameters we obtain the following charges at the

centers

Γ1 =

(

−1,
NK

2
,
N1

2
,
N5

2
,−N1N5

4
,−NKN5

4
,−NKN1

4
,
NKN1N5

8

)

,

Γ2 =

(

1,
NK

2
,
N1

2
,
N5

2
,
N1N5

4
,
NKN5

4
,
NKN1

4
,
NKN1N5

8

)

. (5.1)

These are precisely the charges that appear in the core of the scaling solutions in [7].

It seems natural to expect that, for the other values of our parameters m and n, our
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q0 P (S4) p0 KKmon(S4)

q1 P (S5) p1 KKmon(S5)

q̃2 D1(S4) p̃2 D5(S4)

q3 D1(S5) p3 D5(S5)

Table 4: The interpretation of the charge in an intermediate frame B̃.

configurations can serve as the core system for the deconstruction of a black hole with

added D2-charge.

The relation to deconstruction could have interesting implications in five dimensions

as well. If we take a scaling solution in four dimensions, dualize it to frame B and take

the 4D-5D limit, we should end up with a configuration carrying the charges of a large

D1-D5-P Strominger-Vafa [61] black hole. The scaling limit implies that we will have

P ≫ N1N5, which is equivalent to the Cardy limit Λ0 ≪ c where the CFT microstate

counting is performed. Therefore such configurations would be candidates for describing

typical microstates of the D1-D5-P black hole, and it would be interesting to study such

solutions in more detail. It is not clear whether such configurations could rightly be called

‘fuzzball’ geometries for the D1-D5-P black hole, as they will not be smooth near the centers

where the harmonic functions describing the momentum diverge. As argued in [62], treating

the momentum as coming from giant graviton probes, the number of ground states would

be of the right order to explain the entropy.
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A. Reduction formulas in frame B

We now discuss the dimensional reduction of type II on T 6 in the duality frame B to the

bosonic STU model action (2.1). The 10-dimensional interpretation of the U(1) charges

is given in table 3. It will be convenient to first reduce to an intermediate duality frame,

which we will call frame B̃, where the U(1) fields are labeled as A0,A1,B2,A3 and the

charges are labeled as (p0, p1, p̃2, p3, q1, q̃2, q1, q0). The 10D interpretation of the charges

in frame B̃ is given in table 4. The frame B̃ differs from the frame B of table 3 by an

electromagnetic duality transformation on the U(1) field B2.
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It suffices to restrict attention to a truncated IIB action containing only the metric,

dilaton and RR 3-form:

S =
1

(2π)7α′4

∫

d10x
√

−G(10)

[

e−2Φ(10)
(

R(10)+4∂MΦ(10)∂MΦ(10)
)

− 1

12
F

(10)
MNPF

(10) MNP

]

.

(A.1)

We perform a trivial dimensional reduction over the four-torus T2 × T3, while allowing the

torus T1 to be nontrivially fibered over the four-dimensional base. We start by flipping

the sign of Φ(10) and making a Weyl transformation (as one does in S-duality) such that

all terms in (A.1) have an e−2Φ(10)
factor in front. We can then perform the dimensional

reduction of this sector as discussed in [63]. We will here follow closely the conventions

of [64]. We take the following reduction ansatz

Φ(10) = −Φ − 1

4
ln det Ĝmn −

1

4
ln det Ĝij ,

G(10)
µν = (det Ĝ)−1/4

(

eΦGµν + 2β2e−ΦAm−4
µ An−4

ν Ĝmn

)

,

G(10)
µn =

√
2β(det Ĝ)−1/4e−ΦĜnpAp−4

µ ,

G(10)
mn = (det Ĝ)−1/4e−ΦĜmn ,

G
(10)
ij = (det Ĝ)−1/4e−ΦĜij ,

C(10)
µν = Cµν + 2β2Ĉ45(A0

µA1
ν −A1

µA0
ν) + β2(A0

µB2ν − B2µA0
ν) + β2(A1

µA3
ν −A3

µA1
ν) ,

C
(10)
µ4 =

√
2β(B2µ + Ĉ45A1

µ) ,

C
(10)
µ5 =

√
2β2(A3

µ − Ĉ45A0
µ) ,

C(10)
mn = Ĉmn . (A.2)

Here, M,N = 0, . . . , 9; m,n = 4, 5, i, j = 6, . . . 9 and we have taken x4, x5 to parametrize

S4, S5 respectively.

The matrix Ĝij is a constant metric on T2 × T3 and the matrices Ĝmn, Ĉmn can be

conveniently parametrized as

Ĝmn = b3

(

a21+b21
b1

−a1
b1

−a1
b1

1
b1

)

,

Ĉmn =

(

0 a3

−a3 0

)

,

e−2Φ = b2 . (A.3)

The two-form Cµν can be dualized in four dimensions to give another scalar ã1:

da2 = b22 ⋆ F , (A.4)
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where the Hodge ⋆ is to be taken with respect to the 4D metric Gµν and the three-form

field strength F is defined as

F = dC +
β2

2

(

A0 ∧ G2 + B2 ∧ F0 + A1 ∧ F3 + A3 ∧ F1
)

. (A.5)

From the above expressions it is clear that z1 = a1 + ib1 is the complex structure modulus

of T1, z
2 = a2 + ib2 is the 4D axion-dilaton and z3 = a3 + ib3 is the complexified Kähler

modulus of T1.

In these variables, one finds after performing the dimensional reduction the 4D action

S =
1

16πG4

∫

d4x
√
−G
[

R− 2
3
∑

A=1

∂µz̃
A∂µ ¯̃zA

(z̃A − ¯̃zA)2
(A.6)

+
β2

2
ImÑIJFI

µνFJ µν +
β2

4
ReÑIJǫ

µνρσFI
µνFJ

ρσ

]

, .

with the matrix Ñ given by

ReÑ =









0 0 −a2 0

0 0 0 −a2

−a2 0 0 0

0 −a2 0 0









,

ImÑ =















− b2(a1
2
+b1

2)(a3
2
+b3

2)
b1b3

a1b2(a3
2
+b3

2)
b1b3

−a1a3b2
b1b3

a3b2(a1
2
+b1

2)
b1b3

a1b2(a3
2
+b3

2)
b1b3

− b2(a3
2
+b3

2)
b1b3

a3b2
b1b3

−a1a3b2
b1b3

−a1a3b2
b1b3

a3b2
b1b3

− b2
b1b3

a1b2
b1b3

a3b2(a1
2
+b1

2)
b1b3

−a1a3b2
b1b3

a1b2
b1b3

− b2(a1
2
+b1

2)
b1b3

.















The 4-dimensional Newton constant G4 is given by

G4 =
8π6(α′)4g2

(2π)2R4R5VT2×T3

, (A.7)

with g the string coupling in 10 dimensions.

To go to the duality frame B of table 3, where the U(1) fields are labeled as

A0,A1,B2,A3 and then charges are labeled as (p0, p1, p2, p3, q1, q2, q3, q0), we have to per-

form an electromagnetic duality on the field B2. After this duality, the action takes the

form (2.1) with the matrix N related to Ñ given above by a symplectic transformation

N = (C +DÑ )(A+BÑ )−1 , (A.8)

with

A = D =











1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 1











;B = −C =











0 0 0 0

0 0 0 0

0 0 −1 0

0 0 0 0











. (A.9)
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Explicitly, one finds

ReN = −









2 a1 a2 a3 − (a2 a3) − (a1 a3) − (a1 a2)

− (a2 a3) 0 a3 a2

− (a1 a3) a3 0 a1

− (a1 a2) a2 a1 0









,

ImN = −











b1b2b3 +
b1b2a2

3

b3
+

b1b3a2

2

b2
+

b2b3a2

1

b1
−a1 b2 b3

b1
−a2 b1 b3

b2
−a3 b1 b2

b3

−a1 b2 b3
b1

b2 b3
b1

0 0

−a2 b1 b3
b2

0 b1 b3
b2

0

−a3 b1 b2
b3

0 0 b1 b2
b3











.

This is indeed the standard form of the matrix N in the STU-model derived from the

prepotential through (2.2). The U(1) field B2 is related to the AI through

dB2 = ImN2J ⋆ FJ + ReN2JFJ . (A.10)

Summarized, we have found the following reduction formulas

e2Φ
(10)

=
b2

b3
,

ds210 =
1√
b2b3

ds24 +
√
b2b3Mmn(dx

m +
√

2βAm−4)(dxn +
√

2βAn−4) +

√

b2

b3
ds2T2×T3

,

Mmn =
1

b1

(

(a1)2 + (b1)2 −a1

−a1 1

)

,

C(10) =
1

2
Cµνdx

µdxν + a3(dx4 −
√

2βA0) ∧ (dx5 −
√

2βA1)

−
√

2βdx4 ∧ B2 −
√

2βdx5 ∧ A3 + β2
(

A0 ∧ B2 + A1 ∧ A3
)

,

da2 = (b2)
2 ⋆ F ,

F = dC +
β2

2
(A0 ∧ G2 + B2 ∧ F0 + A1 ∧ F3 + A3 ∧ F1) . (A.11)
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